Abstract. A graph is a cactus if any two of its cycles have at most one common vertex. In this paper, we determine the first sixteen largest Laplacian spectral radii together with the corresponding graphs among all connected cacti with n vertices and k cycles, where n 2k + 8.
Introduction
Let G = (V, E) be a simple connected graph with vertex set V = {v 1 , v 2 
, . . . , v n } and edge set E. Denote by d(v i ) the degree of the vertex v i of G. Let A(G) be the adjacency matrix and L(G) = D(G) − A(G) the Laplacian matrix of the graph G, where D(G) = diag(d(v 1 ), d(v 2 ), . . . , d(v n
) denotes the diagonal matrix of vertex degrees of G. It is easy to see that L(G) is a singular, semi-positive, symmetric matrix and its rows sum to 0. Denote its eigenvalues by µ 1 (G) µ 2 (G) · · · µ n (G) = 0, which are always enumerated in non-increasing order. We denote the largest eigenvalue µ 1 (G) of L(G) by µ(G) and call it the Laplacian spectral radius of G. Also, let φ(G, λ) be the characteristic polynomial of G, i.e., φ(G, λ) = det(λI − L(G)).
There are a lot of relations between the Laplacian spectral radius and numerous graph invariants, and the Laplacian spectral radius of a graph has numerous applications in theoretical chemistry, combinatorial optimization, communication networks, etc. For related reference, one may see [14] . Besides, from the known fact that µ 1 (G) + µ n−1 (G) = n, we can see that the Laplacian spectral radius is of relevance to the algebraic connectivity of a graph which is a good parameter to measure how well a graph is connected. There is a good deal work on algebraic 2010 Mathematics Subject Classification: Primary 05C50. Supported by the National Natural Science Foundation of China (11171290), the Natural Science Foundation of Jiangsu Province (BK2010292).
connectivity for graphs (see [1] and references therein), and particular attention has been paid to algebraic connectivity for unicyclic graphs (see [3] for example).
Recently, the problem concerning graphs with maximal or minimal Laplacian spectral radius of a given class of graphs has been studied extensively. For related results, one may refer to [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the references therein.
A graph is a cactus, or a treelike graph, if any two of its cycles have at most one common vertex. Cacti have been studied by several authors, for example, one may see [2, 15] . Let T n,k denote the set of all connected cacti with n vertices and k cycles.
When k = 1, T n,1 is the set of all unicyclic graphs of order n. Let T i (i = 1-4, 6, 8-11, 13-19) be the unicyclic graphs with n vertices shown in Fig. 2 . Let T ∈ T n,1 and T / ∈ {T 1 , T 2 , T 3 , T 4 }. Guo [7] proved that
Liu, Shao and Yuan [11] proved that
Liu and Liu [12] proved that
In this paper, we consider the cases when k 2, and determine the first sixteen largest Laplacian spectral radii together with the corresponding graphs in T n,k .
Preliminaries
. . , G 20 be the cacti with n vertices and k cycles shown in Fig. 1 .
Proof. By Lemma 2.1, we only need to prove that max{d
We consider the following three cases.
By combing the above discussion, the conclusion follows. 
. . , T 16 be the graphs with n vertices shown in Fig. 2 . Then from Lemma 2.3, we can obtain easily the following lemma.
Lemma 2.5 (6). Let G be a connected graph on n vertices with at least one edge; then µ(G) ∆(G) + 1, where ∆(G) is the maximum degree of the graph G, with equality if and only if
Proof. From [7] we have n = µ(T 1 ) > µ(T 2 ) > µ(T 3 ) > µ(T 4 ), and µ(T i ) is the largest root of the equation h i (λ) = 0 (i = 2, 3, 4), respectively, where
It is not difficult to calculate recursively that
where
Since n µ(T i ) > ∆(T i ) + 1 n − 2 8, it follows that µ(T i ) is the largest root of the equation h i (λ) = 0(i = 5, . . . , 16) respectively. Next we shall divide the proof into the next 11 steps.
(
Let α 1 denote the maximum root of γ 1 (λ) = 0. Since
. It is easy to see that h 7 (λ) = γ 2 (λ)h 6 (λ) + γ 3 (λ), where
, where
It is easy to see that γ 4 
